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1.   INTRODUCTION 

In a plastically  designed  structure,  a member must undergo 

large   inelastic  rotations within the  region of  a  "plastic 

iiinge" so  that moniert5 may  be  redistributed  to  develop   the 

full   strength of   the-   structure.     To  achieve  these  large  rota- 

L  >ns ,   prcvisiors  must  be made   to  prevent   the  member   from 

railing prematureIv  due   to  various   types  of   instability.     One 

such  important   type of  instability   is   lateral-torsiona!   buckling 

Lateral-toisional   buckling may  be   prevented by  suitable 

lateral  bracing.     The   ultimate  object   of   the   study  of   lateral- 

)uckling   is   to   determine   the  required  stiffness  of  this  bracing 

."i^d to find   the  Ti^st  ecor.'-mical  method  of   design   for   the  braces. 

The   various   phenotrern   related   to  beams   which   faii   by 

la teral-tors*ional   buckling  are   illustrated   in  Fig.   1.     A  slnply 

in■   r- '-■*   of   narrow r*»ct r.g\il«r   croM   s*> — '. --   is   leaded 

^ nit   its   stiong axis   by  a  concentrated   load  p.      If   if   it 

^su.i>ed  thar   the  member  contains  no   initial   imperfection,   the 

' *ad  vs.   lateral   deflection   relationship  will   follow the 

V    siroply   »uppor'ed end   it   defined  as   the   following The 
^endinh, »om*»-*.,*   In  the   two  principal   directions  are tero 

ttin«  atn't   the   1 »>-iji'udlnal   amis   ia   prevented This 
'fmitlon   is use<^   ' hrcmgJvAjt 
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vertica.   axis   fro"  ?o4r.t   "()"  tc  poi~t   "A".     At.   this   szu*e 

the roe Tiber  has  neither  lateral  deflection nor  twisting;   how- 

ever  it may   D?   yielded  in  certain  portions   due   tc   transverse 

Sending.     Point    "A"   is  knowr  as  the  point  of  bifurcation of 

equilibrium.     Just  as  in  ar.  axial lv   loaded  straight   column, 

such a  bifurcation point  is  consider«, a  to be a criterion ot 

notability      'fne  ireo-.ber may  buckle at  point A or  at   point  B 

depending on wnttner   tiber  unloading   is  prohibited   (tangent 

modulus  concept)   or  whether   it   is   perrritted   (reduced nodulus 

concept).     Tnese   two   loads«   r»:present   tne   lower and  the  upper 

(69) 
Limits  of   tne  carrying  capacity of   the member. The   true 

naxiTuir   load»   that    the nerb«»r  can   luppcrt   (poirt   C)   lies 

•iomewherc   betweer   these   two   lircits 

T:u   lur.gsrt modulus    nJ  redu:ed  Tciulu*   »   luti ^r*   ar« 

sr-csilsd fhdiit'mst:-   value   type   solution».   ("Eig«»n  value" 

typ«  solution).     Sine« by  the   very  nature     f   IIIMI   two  solu- 

tions   tr.p  Ipf ÄUcns a : * n#   bifurcation   point   art   ln4et enr Ir.ate , 

thsry AT« not suitable   I   r   • ■>«   determination  cf   the  bracing 

for css.     Point C  in   fim.   I    >•   ' *>•■     i*i-*ar»   »'t»-,"      1   tne 

ress),   witt   T*^*; lateral   "nx»lln#   in   thla  case   lateral 

•    tin   and   tw\ fln|   -*■**-<•»   d«-.«'.^   ^a   ,f    «at «re'   an1 

«-   'K rsjfftr4~tc TstsfsX WchltftT Ö»#    iti^ste «tr^a 
s post *sst • >' - i . •*- 
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torsional Reformations of ehe member.  The deflection at the 

ends of a member or at the lateral supports are dependent on 

i_he stiffne88 of the bracing  It is believed that an analytical 

solution to the bracing stiffness tuay be achieved by considering 

the lateral and the torsicnal deformations at. the supports. 

This literature survey is limited to a general survey 

^«.  ... existing solutions to the problem of lateral buckling 

cf metal structures,with the  ~>ohasis on the following three 

points. 

(1) An extensive list of references including thoee that 

may bt helpful for the lateral bracing problem. 

(2) Description of several important papers particularly 

concerned with inelastic solutions 

(3) A gener.il historical sketch of the prcbletn of lateral 

„^Stability.  Suggestion» ire tnade f r possible way.» 

et exteniin* Wrowledg» in the field of plastic «Jesigi . -v 
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2.     A HISTORICAL  SKETCH OF   LATERAL  BCCKLING THEORY 

Lateral   stability  is  < a  i.-r.pcrtart  criterion  in  the  design 

of   rnetai   str   rtures.     Prandtl and Michel! '       simultaneously 

published  a  rigorous  theoretical  analysis   of   lateral   stability 

in   1899.     Since   then  research  in  this   field hap   been  performed 

:»y   T>any investigators .        Notably,   the  basic   general  differentLaj. 

equations  were  derived by  Tiiroshenko   (Refs.   3     7,   35),  Goodier 

CRets.   i± ,  lb,   28.   6M ,   Wagrer   (Refs.   11,   12),   and Kappus 

(Rex.   15).     JoVnsuon   (Refs.   9,   21.   27),   Home   (Refs.   41,   47, 

7 7,    92,   95),   Winter   (Refs.   29,   33,   38,   42,   83,   65,   101), 

SAlvadcri    (Reis,.   62,   t>6,   82,   87).   Nylander   (Refs.   31,   43,   94), 

.-»eLcersson   (Rets.   -4.   67).   Flint   ("Refs,   46,   53,   54,   65     74,   89), 

Hill   (Refs.   13     20,   26,   32,   j£,   56,   58,   76,   1L2)   and Clark 

CF-fs.    56,   58,   96,   99,   1 J6 .   112)   have extensively   developed 

•  r.e    theory   for many   loading  casas,   both   theoretically   ir.d 

'DC rirrert ? 1 iy .      r.iur 1 ioann  i.*s  clcarlv   preserted  the   physical 

icture  of   the  relationship betwetr   l..«d  and  deformation  as 

äS  rrvathematical   derivations   of   the   probl«  of   lateral- 

t» l >r>al   buckling   lr   Ref.    LM.     Bleich   has   ruastarlsad   and 

■resented,in   detail,   a   g-^eral   introduction   to  tr.«   probiew 

~>   * i s   book. 

TtM Abovs »eritLoned •uthoTS,  «a  wii   as  other   invest lga 

*   have    aostl>       restricted tbaiin   M   ..    4-  »ia»M<   *at#rial • 
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In other words,   the   proportional  limit   of   9   stress   strain 

relationship  i9 considered  to be  the upper  licit  for  critical 

stress.*    This assumption  permits elegant mathematical  solu- 

tions,   but   they  are   limited  to  such  structures   where   inelastic 

behavior of  the material  would not   occur.    When yielding of 

. oe  material   coomence?.   the   stress-strain relationship no 

• -nfcer  obevs   Hooke' s Law     a^d ar. exact   solution   is usually 

Impossible . 

In recent  years,     pi'«lie   design of   structures  has  beer, 

extensively  developed.     For   certain types of  structures,   great 

saving   in  material   and  design  time   can  be achieved bv  plastic 

«.design.     Since   plasti     Jeslgn requires  the   structure   to under- 

go  rati.^r   severe   inelastic   deformations  before   failing  occurs, 

u    problem  ol   lateral   stability must   be   investigated  lather 

critically   for   these   «rruc'ures 

Inelastic   lateral   buckling   «olut ion»  ha<'e   b«*en   attempted 

.-.   only a   lew  investigator».     Heal vat   .he   tirst   to  present 

• inelastic solution fcr a bee» of rectangular cross section 

•»objected tc unlicru »o«r«nt . This material vat a «tructural- 

Ktao«    steel   v»»«»»ktng  an   lieal   elast Ic -plast Ic   stress-strain 

curvi.     Heal   discussed  * he  effect   oi   yielding  on  the  lateral 

•Tn* •  asikjwpiinn   LS basest on tne  rr?pos«sis   trvat  there Are no" 
• •"• »tui   stresse«   r>r   Initial   deformations  contained   in   tne  structure 
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buckling rigiditv  and initial torsional rigidity or  the yielded 

bean.    His solution was obtained by means of a step-by-step 

calculation procedure.    Home'    »     ' extended Neal's work to 

tine case of  l-beams,   indicated an outline of a solution,  and 

presented charts  for critical buckling lengths of  two particular 

(bo) 
Loading cases.    Wittrick has solved the problem of a beam 

of rectangular cress section made out of material having a 

monotonically  increasing stress-strain diagram.     The  difference 

between Wittrick's solution and Neal's  solution is that   the 

tormer has used tne  •angert modulus concept    wnile  the  latter 

(b3) 
nas adopted the reduced modulus  idea,     Agnbaoian and Popov 

as well  as Barrett ,   n.'ve  studied inelastic  biaxial  bending 

ot  beams with rectangular  cross-section.   Holland    Egger,  HayerJan 

(«0) 
and Mixnz nave also  studied inelastic  general   bending ot 

I-sections neglecting ti.e  ettect  ot  warping.     The  letter three 

r*    ,       - "   »r.  do not  concern   tnem^elves witr   lateral  bucx- 

.ing,   but  ratner  with  studies  of   inelastic   moment-curv*iure 

(91) 
relationships.     In  i^5b    Wnite obtained an  inelastic 

-   lu-ion  for   I-sectlons  subjected  to a  non-uniform moment 

client using the tinltc difference method. He «eeumed trut 

tne material is eltret flattie or stre in-hardened. The value 

of  White's  work   is   that   it   torme  a  basis   for   thw  determination 
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ot  the distance between lateral braces in the vicinity of a 

plastic ninge.  Unite's solution was further modified on the 

basxs of experimental results, and a simple design procedure 

for ehe lateral support spacing was presented by Kusuda, 

Sarubbi and Tnurllmann    .  Tnis recommendation nas been 

adopted as a design rule by trie AISC.      In this study 

tr<e restraining influence of adjacent members on the critical 

span was analyzed, treating tne system as a continuous beam, 

and the necessary correction factor for the restraining in- 

fluence was proposed.  Experimental results in this study 

indicated tnat Wnite's solution was conservative.  In a recent 

(109) 
dissertation,  Galarabos nas  obtained an   inelastic  lateral- 

toraional buckling solution of WF beam-columns.  He considered 

the effect: of residual stresses and used the tangent modulus 

concept.  Critical moment versus length curves for important 

'T shapes were obtained by numerical calculations and the 

theory showed very close agreement with test results. 
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i. EVALUATION OF THE PRESENT STATE OF 
KNOWLEDGE AND FUTURE RESEARCH TRENDS 

The preceeding section represents a brief history of the 

problem of Lateral instability.  It should be noted tnat all 

the inelastic solutions mentioned above were "Eigenvalue" 

eolations.  In other words, solutions correspond to the first 

i*:eral and/or torsional pavement of the member t^point A or B 

•. 1)  Therefore the bracing length is only determined 

in terras of loading.  Iu cannot, yield any information aoout 

•ao^  to proportion ehe bracing.  In almost every known solution 

^he bracing points are assumed to oe either simple supports 

(80) 
or iixed-end supports  Studies by Zuk    indicate that in 

elastic analysis :he magnitude of bracing force is negligibly 

•mall, and that the pre&enc day elastic design value of the 

: ic Lng force as 27. of the applied load is sufficient.  It is 

>elieved ihai according to ehe inelastic bifurcation analysis 

. i*e oiacL.\6 x.orce can net be determined because of the nature 

of this method of approach 

At tne uliimate load large deflections develop and the 

agnieude of ehe tracing force and the required stiffness 

* ^c*»ssary f.o nold a member in ics laterally undetorroed position 

up to cnis stage is oi practical nportince in plastic design. 
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no It   is  expected  LIUC   cne required  orac.ng  roue  would be 

longer negligibly   small.     Research at   Fritz  Laboratory  on 

plastically   designed  gable  frames and welded corner 

connections^   L        snow  chat  adequate   lateral   supports  are 

definitely necessary   for   a   struaure   to  undergo   large  rota- 

tion?   and to develop   its  uitirate   strength 

KuL-r*-    r'search about   inelastic   lateral   buckling  should 

be   carried out   along   the   following  path: 

(1) To  obtain   "Eigenvalue''  solutions  for   as-rolled WF 

sect Jons  based on  the   reduced modulus  approach   in   order 

(91 \ 
to  compare   wita   the   tangent   modulus   solution. Toe 

former   saould  yield  an  upper   bound   as   cocrpared   to   the 

lower  bound  solution obtained by White.     Tais   first   step 

should giv*>  a  proper  guidance   to  t ne  ultimate   strength 

solut ion. 

(2) To   cualn   t ne  maximum carrying  capac'tv  of   a  roetnt>er 

witn  regard   to   lateral-torsion*1   buikling   (point   C   in 

Fig.   I). 

O)   Appropriate   bracing   systems   anould  be  anaiyted   in 

order leienrine   t he   required   bri.irg   stiffness   and 

bra. in*  spac in% to prevent    lateral  buckling At   th*  fu% 

plastic ulttatt«  load of  the 
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Table   1 gives  Che   present   scatus of research and  ehe 

accessary  fature   research   for   the complete  solution  of   the 

problem.     Although  in Appendix B known  theoretical   solutions 

ar-e  summarized and  tabulated for  reference ,   it  should be noted 

triat   those   solutions offer  very  little help toward the  det-ermina 

t i on   of   the ultimate  strengtn,  neither  in trethed of  approach 

nor  in  their  solution.     Therefore  to acnieve   the   final   purpose 

o£ obtaining the  appropriate  bracing requirement,   the ultimate 

scrength  solution  should be  first  accomplished. 
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4.  REFERENCES 

A list of references on lateral-torsional buckling and 

lateral bracing requirements are given in Appendix C.  They 

are listed according to tne sequence of their date of publica- 

tion, so that a general idea of the history of development of 

:he particular pnase of trie science of mechanics may be seen. 

The primary interest of this study is limited tc the lateral 

buckling of beams, (known solutions are tabulated in Appendix 

B).  However, owing to the close similarity of the problem 

WICH a beam-column, it was decided to include all solutions 

including axial force in this list of references. 

A page of author's index is given irrtrediately after the 

list of reference. 
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5       OUTLINES  OF  THE MOST   IMPORTANT  REFERENCES 

In  order   to avo^d sum-arizing ail   the   pertinent   research 

papers,   ehe   cables   in  Appendix   E are   prepared.     In  these 

cables all  Known   tneoretical  solutions  are   listed.     Items 

included are 

1) Beam and   loading 

2) Cross   sectional   shape  and  axis ot   loading 

1)  Tnvest ihar ors and re fertile t numbers 

-» j   Remarks 

A few »elected references  are  described  m the present 

lection,   since  it   if  believed  tnst  Cney  mav   lurnisn  nome   eugges 

tions   toward the  solutions of  Cue  problea of tne  bracing 

requirements 
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Ref     45 ö\   E     C.   NeaL 

THE LAU KM    r'SIAS:!!^'  OF   VU.L PEP MILD STEEL 

BEAKS   OF   BE   '^     ULAR CROSS   SECTION 

TliLs work  was   the   fi.ru   investigation   on   Lateral   buckling 

in  the  inelastic   rargv. autnoi's  rethod of  apprcacn   led 

other  investigators   i.*u er   to   sclvj        re  general  problems   m 

thie   field       (For  ex4rple,  Horn* and Gala-noes     *"   .) 

T.ie met nod of   solution   is a  cvpical   "'•ueiwalue '  approach, 

in which tue critical r« .iie^   -*Kout   the   stroi.g  axis) 

is expressed   in  tei    >     ♦'  rr     *p*n   length,   tne  weak  axis  bend- 

ing   stiffness,   ap'i   . tors        kl  stif        —  at   the   instant   when 

lateral -torsi«   is] **»f i r - *t*ge  the   beam   is 

partially  vielded and           «»fleeted crlv  in  the  str< ng  direction 

under  the   i; plied load.               «.       r  showed that   the  bending 

attunes*   i* the «sah  direction decrease!  a«  yielding of  the 

cross section Lew reasei      He  ilso proved that   the torsional 

rigidity resain* cor»    I       bei         lateral   bot kling,  even though 

sons portions of t  •     ross »«et ion are Yielded.     This theory 

was   lster  adopted             net « »Wing store 

• f#miv»   probleot        .ie                     -«•  performed for rectonav,;»t 

and circular cross  sections,   rthe  warpin*  tor«ions! effect  Is 

-»•Eligible for rectangular  cr   si                            Soietl« -•  ~»r» 
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obtained  b\   a   *iep -bv -?tep cinu'.uior.   prcvedur»      -md   the 

tKeory wai  checked  experimentally.     Good agreement   MI 

between, theory  and experin»ent 
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Ref .  47 By Home,  M.  R. 

CRITICAL  LOADLgg  CONDITIONS  IN ENGINEERING  STRUCTITRES 

(CHAPTER  8:     THE LATERAI   INSTABILITY OF  I-BEAMS STRESSED BEYOND 

THE   FLASTIC  LIMIT 

This  st-üdy   is  an  extension  of   Neil's  paper   to   I-shaped beams, 

bent  about   tne   strong axis.      Tne   author  was  tne  first,  who  attempted 

an   inelastic   analysis   lot   wP   section   taking   inro   account   the  effect 

of  warping  torsion. 

The   paper   i\«r.:ains   the   following 

(1) Home   determined  the     ^teral   fLexurai   rigidity  and  tne 

differential   flange   rigidity   of   a   partially   yielded   I-section. 

The   torsional  rigidity   is   shown   to  be   uneffected by yielding. 

(2) Two loading cases are solved A simply supported beam 

under uium n 'IU»IH-!IL , and a »i.;r.Kly supported beam under a 

concentrated   w^j  acting at   mil-span. 

(3) Home   discusses   tne   effect   of   end   restraints  on   the 

critical   buckling  length of   *  partiallv   fixed  beam.     Charts 

are  presented     for various end  fixities 

Home's  lo.ulion  it tsodified by  practical  considerations,   in 

Chapter   12   oi   Het    92,  where  the   limiting critical   lengths  ot 

rt*r.±"rd  ST .' • •'    r«H#H   T-h**^«   mrv   .resented   as   a   basis   for 

tetign 
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Ref.   o3 Bv Agnoabian,  M.   S. 
Popov,  E.   P. 

UNSYMMETR IC Al.   bLM>. >    1>L   ftECIANOJLAB  BEAMS  BEYOND 

TH1   LLAS . 1C   LIMIT 

This   paper   is  act   corcerned with   l^ter-il   instability.     It 

deals with the general   bending  tneorv   Ln   which the   inelastic 

moment -curvature  relationship  i        »   rett ar.aular  cros«   section 

is  determined botn theoretical 1 1 experiTenta)ly. 

General  expression*   -»re ' u>ed  i'.:x   '.he  inter-relationship 

between the  bending moment   about   tn*    x-ixis,   :ne  bending moment 

about   the y-axis,   *nd the indication  of   the neutral  axis  for  a 

rectangular   beam suojt    tcJ  t-    , u       »ending  a s vielding progresses 

from zero to  full   plasticity.     I iuations -»re given  for  the  special 

cases   of   the  elastic    lirrit     i1 1   r«.r   full   plasticity. 

It   is  shown   ttvat  the neutral   axis undergoes  considerable 

rotation  between   its  positior   it   tne   start  of  yielding  to   its 

position  when   th*  be IP   i*  fullv  plastic.     !r   pome  cases   this  rota- 

tion   of   the  neutral   axis  is rorc  than six degrees       The  autaori 

assumed  mat   the  direction  of   the  applied bendirg irocreni   remains 

t he  same. 

A number  of   ex^rlwrn % have barn  conducted and tne  raaulta 

■now  reasonable   correlation with the   the rv 
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It is also shown that Lhe shape factor for oblique loading 

varies from 1.5 to 2.Ü, thus indicating that for rectangular 

sections a greater economy is obtained by the use of the plastic 

method of design. 
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Ref.   68 By  Wittrick,   W.   H. 

LATERAL INSTABILITY OF RECTANGULAR BEAMS OF STRAIN- 

HARDENIMG MATERIAL UNDER UNIFORM BENDING 

This  paper   is aa  extension  of Neal's work       '  on the 

Lateral   stability of  beams of  rectangular cross   section  in 

bjhicn part   of   the  section  yields before   lateral  buckling occurs. 

Two main  differences  between  this  and Neal's work  are as 

f ollows: 

(1) Neal   ignores   sirain-riardening  of   tne  material,   while 

Wittrick  extends  Neal's  study   to materials   in which  strain- 

hardenmg  occar3.     He  adopts f  general   shape of a  roonotonic 

ally   increasing  stress-strain  curve  and  generalizes   the 

problem   to  cover  materials   otner   than mild   steel. 

(2) Neal's   solution   is   based on   the   reduced  modulu»  con- 

cept   and   is   checked  experimentally  with  annealed  specimens 

Wittrick  used   the   tangent   modulus  concept   in  his   solution 

He   did not   conduct   any   experiments 

The main  contribution»  of   this  ^*p«?r   are 

(1)   It   is   snovn   that   it   raakes   very   little  di! ferine«   if 

the  upper   yield  point    it  neglected  an4   , f  only   th«  lover 

yield  point    of   the   »teal   it  u*ed   .n   :    •       «.     ultinni 
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(2)  Neal  has   st.own  that   for  a yielded mild  steel beam 

under  the  action of  a uniform bending moment  in the  strong 

direction  the  torsional  rigidity remains  at   its elastic 

value   irrespective  of   the extent  of  yielding.   Tnis  is also 

verified experimentally.     Wittrick extended  this   further 

and showed that  Neal's   theory  applies equally  well to 

members  of  strain-uardening material. 

(3)  The   following  statement   is  quoted: 

The  case of beams  of rectangular  section   is  not 
of  great   practical   interest  except   insofar  as   it 
is a  guide  to  the expected behavior   of   otuer   sec- 
tions.     T.'.e   problem  of   determining   tne   lateral 
buckling  loads   for  open  sections,   such  as   channels 
äi\ü  I-beams,   is  complicated by   the   warping  of   the 
cross   sections  under   torsion  and   tne  consequent 
increase   in  torsion*!   rigidity  when   the  torsion 
is non-uniform   (see,   lor  example,  TiuK>»!ier»i<.c *     )." 
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Ref.   80 By   Howtand,     Eggte, 
Mayerjak ,  and Muru 

STATIC  AND  DYNAMIC  LOAD-DEFLECTION TESTS 

OF SI EEL STRUCTURES 

Tnis  paper  contains   lour   t<üut>es  of a   study,   namely: 

(1) Static  Tests   to  F.ii^re   oi   Steel   Beam-Columns 

(2) Model Studies   oi   Frames  Subjected to  Static   Lateral   Loads 

(3) Static   Oblique  Loading  Tests   of   Steel   Bear>-Columns 

(-)  Dynamic   Respuuse   oi   Beams 

The   third pans.-   deal 4 wna   tue  general   bending  theory  ol 

partialiv   yielded members   aad   is  ol   interest   for   the   problem of 

lateral   instability        It   present*   a method  < -i   analysis   for   the 

determi.nati.on  oi   tru»   load -de t iec t I m  and  ->< -cnent -c arveture  relation 

ehipt of  roiled  I or UF eectiont  in th«   Lselaitic   range   under 

oblique load      Th«  very  teyortar.t   effect  of  cross   bending   (warping 

torsion)   is  neglected  and therefor«  this  settled.   «3  cuspared by 

t  e  authors to experiments,   it not  able  to correctly   predn t 

it-curvature relationships under oblique loading. 
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Ref.   81 By   Hecntman,     Styer 
Hattrup,  Tiedemann 

LATERAL  BUCKLING  OF ROLLED STEEL  BEAMS 

This   is  a  report,   of   an   experimental   investigation  of  the 

lateral  buckiinfe of   relied  steel   oeams.     Thirty-three   simply 

supported beams   (deptn  from   ton   to  ei.5Ui.cen  inches)  ana  uweaty- 

oue  tan inon Deems  with two   ty^es  of   bolted  semi-rigid end con- 

nections   were   tested.     Tue   purpose   ut   tnis  work   is   to  check 

experimental ;y   the   theories   and   the  design  rules  used   in   steel 

industry.        Recommendations   by   de   Vries and Winter are 

verified,   and comparisons  nave   been made   between   tue   test   re- 

sults   and  tne  AISC   üesign  tormula   as   well   as   tne  AASHO  and 

AREA design   formula»)       Favors   of   sateiy   ^\-    '.suissed,   and 

reasonably modified  uesign   :c;:;.,<is  are   oi»; sen ted 

The   end conditions of  these   tes-s  are  not  clearly   aeiined 

in   this   report        It   is  known   .nat   the   support  conditions  tad 

H;   0  *    '.ui.U'm   ;JVH   a «irnvu   .nUu«nu   on   ».i.e   UwwKi^.ig 

loid,   and  it  it very  difficult   to  design  a   fixture  wo. 

simulates  the  conditions  that   «re   used  in the  theoretical 

analysis.   r*rt icular ly  in prototype exper irren? s 
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Ref. 9L By Whit«, M W 

THE LATERAL-1QRSI0NAL BUCKLING OF YIELDED STRUCTURAL 
MEMBERS 

This  paper  is  the   ünly  one   tnat   presents a general   inelastic 

solution   for VF beams.     The  author  assumes   that   the  material 

is  either  elastic   or   strain-., ndened and adopts   the   tangent 

modulus   concept   in  r.is   Suiutin, .     U>»dcL   ä   non-uniform moment 

gradient,   strain-hardening of  material   will  coanence  from one 

end of  the  member,   nence   the   resistance  of   tne member   in  tne 

strain-nardening   ^one   is  difierent   from  that   in   the   elastic 

region,   the   stiffness   <-:   ea. i portion  of   inese   two  regions 

are   governed  by  the  elastic   unc   strain-.lardening  moduli, 

respectively       At   La.-   jun. :ai>   ol    these   two   portions  of   the 

bnasi,  conditions  of continuity are used.     Solution*  arn ob- 

tained   b>   Ignite   duicieiui'   procedure  with   I .u   caa j^at ions 

periormed   by   <*  digital   computer        F   r   tHe   basic   iase   of   a 

siaply   supported baas of  strain-harden JI^   raurin   subjected 

to a uniform mooent  witn  th«*   twisting  resitted by warping 

torsion only,   it was found tnat  tne sienderneßs   ratio of the 

basic critical buckling  length is   Id       feil  basic  cue  was 

than aodlfled for the affect  of sownt gradient .  the extent 

of strain-hardening, gt    Vensnt't torslonal  realstance  and 

conditions of end f Laity.    Unite also pre sen;»  »  u.i. -and- 
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error  procedure  for   design  of   lateral   bracing. 

Simplifications of  Wuite's  design   procedure  on an experi- 

mental   basis were made   in  Ref .   Iu6.     In   mis  reference   it  was 

suggested  tnat   the cricical  buckling  lengtn is 

b£.r,   <   30 for       1 .0    £       f     *      Go 
r 

y 

£   48-30 f     fur  0.6     £      f     >    -1.0 

where      f   - M/Mp   is   the   end moment  ratio.     A  further modifica- 

tion  incorporating practical   considerations  was  made   in Refs 

108   and    110.     It   was  shown   that   tne   critical   bucklin0   length 

is 

L   r 
-p^-    £     33 tor \    >     0.o23 

<   60-40P   for f     <    0.625 

This   last   equation  aa&   been   r enormended   for   design   in   structural 

• tee i 
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Ref     109 By Galambos,  T.   V 

INELASTIC  LATERAL-TORSIONAL   BUCKLING OF  ECCENTRICALLY 

LOADCP    WID£-FLANG£ COLUMNS 

This   investigation   is   iae   tirst   that   is  concerned with  in- 

elastic   lateral-torsiona1   hackling,   taking  into   account   the 

effect  of  residua!   stresses   -.n   as-rolied members.     Curves 

relating  the  coefficients of the   lacerai-torsional   buckling 

et1uation  and any  combination oi  axial   force  and ucndiug uk>m«ui. 

«re  presented  for   partially   yielded WT  sections.     Interaction 

carves   between   tne  axiai   force,   me  end   bending  moment,   and 

the   slenderness   ratio   are  a i sj   calcaiaied   lor   lour   «»olurnn 

saapes      (the   dWFJl.   tne   i4WK^2,   -.ic   .-.Wr\- ■ .   and   the   27WF9* 

It   ib   foanü   wT.a.    ....c  ^leSci^c     :    rcsidaai   stresses  toay 

reduce   considerably  the   lateral   buckling   strength  ol   an 

tccenautny   A.-aded coluan.     For  usual  column   lengths, 

lateral-torsional  buckling  takes pise«  in  the  elastic  range 

It   is   mown  also  tnat   trie  lateral-tor sional   buckling   streng- 

of  coluems varies considerably with iseibsr sis«.     The predic- 

tion curvet showed very good agreement  with existing cxperi- 

»entii   results      It* author  also checked White  t aoiution  for 

tne case of a bsaa of uniform sownt   with the  tmiaU  fore« of 

the coliasn »quai 



203H.2 -23 

6.  CONCLUSIONS 

As mentioned in Section 3 of this report, almost all 

existing solutions offer very little information toward the 

determination of ultimate strengi_n.  Nevertheless, this survey 

presents a brief history of the problem, the present situation, 

and possible future trends of resoarc.i about lateral instability, 

as weli as a list of references and a tabulation of all 

theoretical solutions.  It is noped that this report may 

offer a reasonable, complete picture of the problem of lateral 

buckling of metal stru^urai members. 

It is felt that, in attempting an ultimate strength solu- 

tion, a metnod oi a^p'oa^i., different from those already used, 

would be necessary  Research at Leaigh University is currently 

continued along tnis line, both theoretically and experimentally. 

i 
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LOAD 

P 

|   °   (reduced modulus  load) 

]L-.- 
C  (maximum load) 

A  (tangent modulus load) 

JF 

1/ 
1h$ 

LATERAL DEFLECTION J 

Fig. 1    Typical Load v» Lateral Deflection 

Relationship for a Be*» Loaded In the Strong Direction. 
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Structure 

Beam 

Beam- 
Col urnr. 

Blfur   atior.  Solution 

Mod\ilur 
Solution 

(Point A in 
Fig.   1) 

Redurt i 

I'll IT ate 
Strength 
Solution 
(Poir ♦ C 
ir. Fig  I i 

Uh  te<91 

(Ger.ör.il h   -   • 
folutior. frr!  (Two  «pecK 
f la «<t i< 
• ti ili    >ird| 
ened tret ' 1   ) 

loadI   . 
a st 

(i( )J (Celanbof 
(Soluticr. 
not  general 
but rover* 
IrrpiTt.Jr.r    WT 

ship* ' 

Lateral 
bracing 
Require- 
ment to 
Ultimate 
Strength 

Table   1 Present  Si tuet lor. of  the   I     ;*••;» 

Solution of UT Bee»« and lea» Colurnt A   ».   -Me  in 

plattlc  Design 
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Y APPENDIX     B 

Table  of   Known  Theoretical   Solutions 

Nomenclature 

a,  e 

F 

f 

Myy 

P 

s 

u 

v 

«. y 

Eccentricity  of   loading position with   respect  to  "S" 

Lateral  bracing   l>m   -it   support 

Lateral  bracing   for^e   per   unit   length 

Twisting  noirent   about   th»    longitudinal   axis   of   a beam 

Bending moment   in   the   »<.ak  direction  ut   a  section 

Sending iromtni    in   t he   strong   direction  of  a   section 

Concentrated   load 

Snear   «.enter of  a section 

Displacement   in  the weak   (»-)  direction 

Displacement   in   ttu    str >rg   (v->   airection 

Uniformly  distributed  load 

I 

Coordinate axes 1" the 
respectively 

Ratio of end nceentt 

weak and the strong direction 
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LATERAL BUCKLING OF BEAMS 

I.  KNOWN SOLUTIONS TO ELASTIC CASES 

BEAM AND LOADING  SECTION   SOLUTION  BY REMARKS 

M* £ 
I'M'"1' -—~) 
L.i.i, ...i,., J 

(7 \ 

CoodUx^25> 
NyLander<94) 
Winterv-3) 

Diff. equation 
solution. 

r*x* Mxx 

) I Salvadori 
(8'1 

(Us. 
^T^P I 

Energy  solution, 
experiment  by 
Clark ™>. 

Salvadori(0; ' Energy soLution, 
experiment by 
Clark(**>. 

( 

ft e i Salvddorl 
'47) 

c .) I 

Energy solution, 
experiment by 
Clark***>. 

Salvador i 
(8n Energy solution, 

exP*r^Snt by 
ri«rk("'. 
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KNOW   S   !.■     \S TC  ELASTIC  CASES 

bEA* AND LOAD   v     SEC! ION' 

****? 

T 

'/y 

JL □ 
I 
[ 

Lit 

' 
SOLUTION E^ 

J    VrietO') 
S hrmdfes <3C) 

- i "*.- r o 

Pt.i.   98   ;'   .:•:-    JLf£. 
-•• •'»    !. 

p<?£.   37       ei gy   BOIU- 

•     • . 
p< ' .   Irk rev   ~oL .>>, 

flint 

Win«:« i '2 ;) 

Li I   - LflMmti by 

i- i   I  «.f-  «.: >ns .  Ref. 
ilff.  «uguAtion 

.   i . 

**, i... 1.1.» I 
Winter »9)W) 
Schrad - '^ 

:lu '■■■ 

H^Tr^ 
I Pol«y - 

t / 

Clzr^r^ 
[i 
I 

Tl*o»h*n)   ' 
Ker-nakv (89) 

t- I Austin 
(98 > 

I      :*>    loljticn. 
i ».    r :.•*■- -.♦.   by   Winter 

'5 H-. ;V.rr (*1 ) and 
; . ■ ■ *" v a-J ale3 by 
Hill    -   c   and 1 sec- 
*   1 

v:   Lt«  differ «no« 

In   (89)  loctl  buck- 

.1 tAtitralnti on 
• *riliv»   are   com Id 

t * t» r irent.8  by 

Flint Wl 

Solutlor   - 
«ill *>rt»r' * 

♦  1 r Lftltt 
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KNOWN     SOLUT-ONS    TO    ELASTIC    CASES 

BEAM AND LOADING       SECTION    SOLUTION    BT 

Jl i 
j^r*1 " ' i,nfc^j I 

REMARKS 

Austin (98) Finite difference 
c»*thod. 

/Vy y*} TT 
01 

Pettersson (67) Diff. equation 
solution (implicit). 

*n 
TT 
0 I 

Pettersson (67) 

1 
T  1 

I T 
n Petter88on (67) 

Dili, equation 
solution (implicit) 

Diff. equation 
solution (implicit), 
lead at any point. 
Experiments alto 
trade. 

] Petter 8*on (67) 

1  

Dlff. equation 
solution (implicit), 
load at any point. 

Pettersson (#7) 
nlff. equation 
solution (implicit), 
lo*»d at any point. 
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KNOWN SOLUTIONS TO ELASTIC CASES 

BEAM AND LOADING SECTION 

u«u"-0 u»u"0 

JE—L—* 

^ 

SOLUTION BY 

Zetlin (83) 

f 

Masur (97) 

REMARKS 

General bending 
theory. A method 
presented for analyz 
Ing unsyrnmetrical 
sections. 

Non-linear strain, 
energy solution. 
Experiments also 
made . 

Winter (29) Energy solution, 

MT t \ M XX 
I Zuk Dlff. equation 

solution. 

t Mxy 

"i     f/      t 
.*r I Zuk (88; 

*x) 

Diff  equation 
solution 

nr  I "« 

T, « 

♦ \» 

I Zuk (88; Energy solution 
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KNOWN SOLUTIONS TO ELASTIC CASES 

BEAM AND LOADING  SECTION SOLUTION BY 

4- --- 

REMARKS 

Zuk <8o) Energy solution 

Dlff. equation 
solution (implicit) 

Determination of the 
Kerensky^   '    influence of 

restraints. 

Kerensky (S9) 
Determination of the 
influence of re- 
straints . 

i 
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II  KNOWN SOLUTIONS TO INELASTIC CASES 

BEAM AND LOADING SECTION 

C 
«n JD 
T T ,,,.... T . ■ . 

u 
o 

SOLUTION BT 

Neal (43) 

REMARKS 

Elastic-perfeclly   plas- 
tic material.  Strain 
reversal  considered, 
Eigenvalue  solution. 
Experiments   alt»o done 
ir.   (45). 

* Wxx        ^xxy 

üiiiiiimi 

Ai 

Q *xx ^UL) 

<fi=^> 

K »«., * —.„» , 

a Wittrick (68) 

I Home (47) 

I 

I 

Wbi Le(91) 

Caiaobo.'10'' 

(47, 

_-L 

El ssti^-strain-hardened 
naterlal.     No strain 
reversal,   Eigenvalue 
solution. 

Elafctlc-perfectly   plas 
Lie material.     Strain 
reversal   considered. 
Eigenvalue   solution. 
Erperlroents also made. 

El a«tic-strain-hardened 
ma*«rial.  General   load- 
ing,   no   strain   reversal. 
Eigenvalue   solution 
(finit«   diff.   method) 
F.ap*r ljrsnts  bv   Whilst) 
and S*rubbi 0*6». 

Ha«tic-perfectly   plas- 
11<   mm   I .     9o   strain 
rs.'freal .Eigenvalue   sol« 

c -w 
. iiisxsd. 

F ; stt lc -per (ac t If   plat 

is • reel   c nntldersd. 
•nvsiu«   sclwticm. 
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10  APPENDIX  C 

LIST  OF  REFERENCES 

T'nc references are listed according to 

the sequence of their date of publication. 
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